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THE BERGMAN KERNEL ON SOME HARTOGS DOMAINS 


ZHENGHUI HUO 


Abstract. We obtain new explicit formulas for the Bergman kernel function 
on two families of Hartogs domains. To do so, we first compute the Bergman 
kernels on the slices of these Hartogs domains with some coordinates fixed, 
evaluate these kernel functions at certain points off the diagonal, and then 
apply a first order differential operator to them. We find, for example, explicit 
formulas for the kernel function on 

{(zi,z 2 ,w) G C 3 : e' w ' 2 \ Zl \ 2 + |z 2 | 2 < 1} 

and on 

{( zi,Z2,w ) G C 3 : |zi| 2 + |z 2 | 2 + |ui| 2 < 1 + \z2w \ 2 and |io| < 1}. 

We use our formulas to determine the boundary behavior of the kernel function 
of these domains on the diagonal. 

AMS Classification Number: 32A05, 32A07, 32A25, 32A36, 32A40. 
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1. Introduction 


The Bergman kernel, introduced by Stefan Bergman [2], is a useful tool in the 
study of several complex variables. A formula for the Bergman kernel in terms of 
elementary functions is known in only a few cases. If {4>j} is a complete orthonormal 
system of A 2 (17), then the kernel function on 17 satisfies 

Kq(z;Q = 

3 

Suppose 17 C C n , not necessarily bounded, is a Reinhardt domain containing the 
origin. For a = (ai,... ,a n ) £ N" and z £ C n , let z a be the standard multi-index 
notation. Set 3 = {a : z a £ L 2 ( fl)}. Then {z a } is a complete orthogonal 
system of A 2 (17) and the Bergman kernel Kq satisfies: 


Kn(z;0 


E 

a£3 


w 


Il 2 (°) 


(1) 


In some cases, CO can be expressed in terms of elementary functions. D’Angelo 
0E] gave the explicit formula of the Bergman kernel function on the domain 
17 = {( 2 , on) £ C n+m : \\z\\ 2 + ||w|| 2p < 1} for any positive real p. Fransics and 
Hanges mm expressed the Bergman kernel on complex ovals in terms of general¬ 
ized hypergeometric functions. Here a complex oval is a domain given by 


\ Zj \ 2a * < 1 } 

3 =1 
1 
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where a,j’s are positive integers. Park pT5j, by applying the method of [l^, computed 
the Bergman kernel on {(z,w) £ C 2 : \z\ 4 + |iu| 4 < 1} explicitly and proved that 
the Bergman kernel on 

{{z,w)£ C 2 : \z\ 2pi + \w\ 2p2 < 1} 

for positive integers pi’s has an explicit formulas in terms of elementary functions 
in only two cases: 

• Pi = 1 for i = 1 or 2. 

• Pi = P2 = 2. 

In [16j . Park obtained an explicit formula for the Bergman kernel on the domain 
{(zi,z 2 ,z 3 ) £ C 3 : |^i| 4 + \z 2 \ 4 + \z 3 \ 4 < 1}. 

Boas, Fu, and Straube [3] introduced a different method. They considered the 
domain U = {( 2 , w) £ C x C n : \z\ < p(w)} where p(w) is a bounded, positive, con¬ 
tinuous function on the interior of some bounded domain in C". By differentiating 
the Bergman kernel on f2, they obtained the kernel function on 

{(z, w) £ C m x C" : ||z|| < p{w)}. (2) 

Additional results have been obtained in [lj on the domains 

{( Zl ,z 2 ,z 3 ) £ C 3 : (\ Zl \ 2p + Izal 4 ) 1 ^ + \z 3 \ 2 ^ < 1}, 

and in m on the Fock-Bargmann-Hartogs domain 

{(.•,«-)er +m : ||z|| < e~ aM2 }. 


The method used in our paper is new. Using it, we rediscover some of the 
formulas mentioned above, and we also obtain some new explicit formulas. See 
Examples 4.2 and 4.3. The operator we use differs from that in [3]. If we start with 
the domain {(z,w) £ C x C" : \z\ < p(w)} from [3j, the kernel function obtained 
through our method is on the domain 

{{zi,w,z 2 ) £ C x C ra x C : \zi\ <p(w)( 1 - |z2| 2 )“ and \z 2 \ < 1} 


with a > 0. By contrast, the result in [3] applies when f l is defined as in 
We illustrate our idea using the following special case of Example 4.1: 
Example. Let f 1 = {( z,w ) £ C 2 : \z\ 2a + |w| 2 < 1}. Regarding w for |ro| < 1 as a 
parameter, we obtain a family of domains {flu,} in C with 

n w = \z£ C : -^-- < l). 

I (1 — |w| 2 )o i 


For each rj £ C with |? 7 | < 1, Cl v is biholomorphic to the unit disk. Applying the 
biholomorphic transformation rule to the Bergman kernel Kq v on Q v yields: 


K n v (z;0 


(! - H 2 )^ 

^((i - M 2 )“ -<) 2 


(3) 


Replacing z in (0 by z( ° and multiplying the right hand side of 0 by 

(1 — M 2 )“ yield a Hermitian symmetric function Ki on f! x H: 


Ki(z, w; C, r]) 


(1 — wrf) “ 

tt((1 - wff)° - z() 2 


(4) 
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Let I denote the identity operator. Applying the first order differential operator 

Dn = 1 x fa + -)/+ -z§-), 

Tr(l-wriy + a\ a a dzJ 

to ATi, we obtain 

(1 + a)(l — wfj)i + (1 — a)z( 

7r 2 a(l — vufj) 2 ~a ((1 — wfj)i — z() 3 

We then can verify that this function is the Bergman kernel on S2 (It agrees with 
the results in 0). 

We generalize this technique as follows. We consider certain Hartogs domains 
IA W in C n , depending on a parameter w in C, with the kernel function known on 
the domain Q = Uq. We call f 1 the “base” domain. By regarding the parameter w 
of U w as a new complex variable, we construct a domain U in C n x C. We call LA 
the “target” domain. As in the example, we obtain the Bergman kernel on IA by 
the following procedure: 

(1) compute the Bergman kernel Ku w - 

(2) evaluate Ku w off the diagonal. 

(3) obtain a Hermitian symmetric function K on IA by multiplying the result 
in Step (2) by a certain function. 

(4) apply a first order differential operator Du to K. 

(5) verify that the result in Step (4) is the Bergman kernel on U. 

Our technique works for two kinds of IA with certain nice properties. We introduce 
the term “n-star-shaped” for these properties in Section 2, define these two kinds 
of U at the beginning of Section 3, and then demonstrate our formulas for Ru¬ 
in Sections 5 and 6, we investigate the boundary behavior of the kernel functions 
on the diagonal in some suitable approach regions using the formulas we have 
obtained. Section 5 uses our explicit formulas in Examples 4.2 and 4.3. Theorems 
3 and 4 in Section 6 provide more general results for the case when the slices of the 
domain are strongly pseudoconvex. In Example 7.1, we apply Theorems 1 and 2 
repeatedly, obtaining explicit formulas for the kernel function on rather elaborate 
domains. We also offer higher dimensional refinements of Theorems 1 and 2. 
Acknowledgements. These results are part of the author’s PhD thesis at the 
University of Illinois at Urbana-Champaign. The author acknowledges his thesis 
advisor Professor John D’Angelo for his patience, encouragement, and valuable 
advice. The author acknowledges Professor Jeff McNeal for discussions about the 
boundary behavior of the Bergman kernel. The author also thanks Luke Edholm for 
helpful conversations. The author thanks the two referees who provided construc¬ 
tive criticisms. This paper is supported by NSF grant DMS 13-61001 of D’Angelo. 

2. Preliminaries 

Let SI be a domain in complex Euclidean space C n . The space A 2 (SJ), consisting 
of square integrable holomorphic functions on S2, is closed in L 2 (SJ) and hence a 
Hilbert space. We denote by P the orthogonal projection from L 2 (S7) to A 2 (S7). 
Let a = (an,..., a n ) and z a be the standard multi-index notation. 

We recall the definition of the Bergman kernel. See El for more details. Let 
z € S2. For all f £ A 2 ( SI), the map S z from A 2 (S7) to C defined by 

Sz(f) = f{z) 


(5) 
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is a bounded linear functional. By Riesz’s representation theorem, there exists a 
unique K z G H 2 (12) such that 

M/) = f{z) = [ K^)f(C)dV(Q. (6) 

J n 

The Bergman kernel function Kq is defined by Kq(z, C) = K Z (Q. Then 

Pf(z) = f K u {z , 0f(0dV(0, v/ g L 2 (n). 

J n 

These considerations lead to the following lemma (See, e.g., Prop. 1.4.6 in ITT]): 

Lemma 2.1. A function K : 12 x 12 —> C is the Bergman kernel function on 12 if 
and only if: 

(1) For each £ G id, the map z i —> K(z,Cf) is in A 2 (Fl). 

(2) K(z,w) = K(w,z). (Hermitian symmetry) 

(3) J n K(z,w)f(w)dV(w) = f(z)forallf£A 2 (tt). (Reproducing property) 

We will also need the transformation rule for the Bergman kernel under bi- 
holomorphic maps. Let F : 12i —> Q 2 be biholomorphic. Lemma 2.1 implies the 
transformation formula: 

K Ql (z, w) = JF(z)lF^w)Kn 2 (F(z),F\w)), (7) 

where JF is the holomorphic Jacobian determinant of F. 

If {<f>j} is a complete orthonormal system in A 2 (U), then 

OO 

K(z,u>) =^T</> j (z)<j) j (w) (8) 

j =1 

with normal convergence in fl x Cl. 

Let Zi ,..., z n and Ci> ■ • • > Cm denote the first n and last m coordinates in C n+m . 
Let 12 C C n+m be the “base” domain. Our method of obtaining Bergman kernels 
requires the space A 2 (Q) to have a complete orthogonal system of form {z & (j) a (z')}. 
This consideration leads us to a class of domains with a symmetry property in 
the z coordinates. We call these domains n-star-shaped Hartogs domains. Before 
defining them, we recall the definition of Hartogs domain. 

Definition 2.1. An open connected set Q C C n is called a Hartogs domain with 
symmetric plane {zj = aj} if (z±, ■ ■ ■ , z n ) G 12 implies 

(.21, . . . , Zj — 1 , (Lj T e (Zj (Zy), Zj-]- 1, . • • , Zn) G 12 

for all 6 G K. Such a Hartogs domain 12 is called complete if 

( zi ,..., Zj-i,aj + A (zj - aj), Zj+ 1 ,..., z n ) G 12 

for all A G C with |A| < 1. 

If 12 is a complete Hartogs domain with symmetric plane {zj = 0}, then the slices 
of 12 with all coordinates except Zj hxed are disks in C. The n-star-shaped Hartogs 
domain is the higher dimensional analogue of such a complete Hartogs domain: 

Definition 2.2. A domain 12 C C"+ m j s called n-star-shaped Hartogs in(zi,..., z n ) 
if (zi,... ,z n , C) G 12 implies {(A 1 Z 1 ,..., A n z n , C) : |Aj| < 1 for 1 < j < n} C 12. 
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Let Cl C C n+m be an n-star-shaped Hartogs domain in the first n coordinates. 
The slices of f l with the last m variables fixed are polydisks in C™. A holomorphic 
function / on such a Cl has the expansion: 

f(z, 0 = ^2^(C)z a - 

a 

Here </> a (C) is holomorphic in ( and the series converges normally in Cl. 

Let 7T : (z,£) i-a ( denote the projection from C™ x C m to C m . For ( £ 7 r(Cl), 
we set Cl^ = {z £ C™ : (z, </) £ H}. The following lemma is a version of Ligocka’s 
result in [12; ■ The idea has also appeared in m ■ In our version, no boundedness 
condition is assumed for Cl. For convenience, we provide a complete proof below. 

Lemma 2.2. Let Cl C (C n+m be n-star-shaped Hartogs in ( 21 ,..., z n ). Then 

(1) For any f £ A 2 (Cl), 

/(*,C) = 5>a(C)* a , 

a 

where for each multi-index a, f> a is a square-integrable holomorphic function 
with respect to the measure 

\\z a \\n c dV((). 

(2) If{4> a ,b} is a complete orthogonal system for A 2 (n(Cl ), ||z a ||o c ), then {4> a ,bZ a 
forms a complete orthogonal system for A 2 (Cl). 

Proof. Let {Cl k } denote a sequence of compact n-star-shaped Hartogs domains such 
that for all fc, the set Cl k CC Cl k+1 and U°° Cl k = H. Since f(z,</) = S a ^a(C) 2;a 
converges normally on Cl, the series X^a^ a (C) za is uniformly convergent on Cl k . 
Using polar coordinates, we see that 4> a (()z a T 4>b (()~ b in A 2 (Cl k ) if a ^ b. 

Thus, for all k and f> a ((/)z a £ A 2 (Cl k ). 

ll/(uC)ll^(0)>Ell^(^ a ||^(0,). 

a 

Therefore 4> a ((/)z a is also square integrable on Cl. Since 

\\UOz a \\% ( n)= [ \M0\ 2 [ \z a \ 2 dV{z) dV(C) 

= [ \M()\ 2 \\z a \\ 2 n c dV(0, (9) 

we have </> a £ A 2 (tt(CI), ||2 a ||o <; ). Note that A 2 (7r(H), ||z a ||Q ( .) inherits its com¬ 
pleteness from A 2 (H): Consider an arbitrary compact set K C 7r(fl). Since Cl is 
n-star-shaped Hartogs, the compact set {0} x K is in Cl. Thus there exists a con¬ 
stant rx > 0 such that for any point (0, C) £ {0} x K , the (n + m)-ball -B((0, £); rx ) 
is contained in Cl. Let r = rx/ 3. Let B " denote the n-ball centered at the point 
z r = (^,..., with radius ^. For f £ K, let B™ denote the m-ball centered at 
the C with radius r. Then we have B x B™ C B((0X);rx) Q Cl. Let g(() be an 
element of A 2 (7 t(H), lk a llL)- By the mean value property and Holder inequality, 

Ib?xb™ \z a g(w)\dV{z,w) 

- Vol(Bft x B™)\z*\ “ ||. 9 (C)l| J 42 ( 7 r(n ) j ||_ a || 2 ^). 


ls(C)l = 
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Taking the supremum of |<?(C)| on K , we have 

sup |p(C)l < ^ 115 ( 011 ^*^( 0 ),Ih-ll^)- 

L 2 convergence in H 2 (7r(fl), ||^ a ||n (; ) implies normal convergence in H(7r(fl)), and 
hence H 2 (7r(fl), ||~ a |lo c ) dosed. 

Let {</> a ,b} be a complete orthogonal system of A 2 (7r(fl), ||- a ||Q { ). We finish the 
proof by showing that {z a 0 a ,b(C)} forms a complete orthogonal system of A 2 (fl). 
For any / £ H 2 (fl), 

f(z, 0 = 51 Ca ^ b “ a ^ a - b ( 0- 

a,b 

To show the completeness, we assume / £ A 2 (fl) and f Q f(z, ()z a (/> a ,b(()dV = 0 
for all a, b. We verify that / = 0. 

Let {H fc } be the domains used above. For arbitrary a and b, 


f f(z,0z*MC)dV+ f f(z,Oz a MOdV = 0. 
Jn k Jn-n k 

Taking the absolute value for both terms, we have 


'Q. k 


f(z,()z a MC)dV 


ln-n k 


f(z,t)z a MC)dV 


By Holder’s inequality 


f(zX)z a MC)dV <||^a,b(C)IU2(Q)( / \f\ 2 dvY 

n-n k 7 


ln-n k 

Since / £ A 2 (H) and f l k exhausts H, 


lim [ \f\ 2 dV = 0. 
k ^°° Jn-n k 


Therefore 


lim 

k—too 



f(z,Qz a M0dV 


= 0. 


Using Holder’s inequality again gives f(zX)z a 4> a,b(C) G L 1 (H). The compactness 
of n k and polar coordinates give 


f f(z,0z a ^ h (C)dV 

Jn k 

[ Ci .j Z fajiQz 4>a..h(C)dV 

jQk ij 

/ E Ca -ji^ a i 2 ^(o^(o^ 

J Q k ; 
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By the Dominated Convergence Theorem, 


lim 

k—yoo 


I E C ^l^lVa,j(C)^a,b (C)dV 
Jn k j 

/ lim Xn»=(z,C)^c ai j|z a | 2 0 a j(O^a,b(C)rfl / 

Jn k ^°° j 

/ 5Z Ca ji za i 2 ^ a .j^)^ ab ^) dy 

J Cl ; 


= [ C a . b |2: a | 2 (/>a.b(C) < / , a.b(C)rfl / 
Jn 

=Ca,b||^ ^a.b (C) II A 2 (Q)' 
Therefore c a .b = 0 for all a, b and / = 0. 


□ 


Remark. Since LI is not necessarily bounded in Lemma 2.2, it is possible that the 
weighted space Al 2 (- 7 r(S 7 ), ||z a || 2 ^) is trivial and <(> a b = 0. Nevertheless, the second 
statement of Lemma 2.2 remains true. 


Corollary 2.1. 

Then 


Let <f>a.,h(C) be a complete orthogonal system for A 2 (D , || 2 a ||^). 


K q (z,z'-,(,C) = ^2 

a,b 


«) a ^a,b(^)^a,b(C') 

|| 2 a ^ , a,b(^ , )llL 2 ( 0 ) 


( 10 ) 


When m = 0, LI becomes a Reinhardt domain containing the origin and (flOl) 
becomes CD- 


3. Main Results 


Let LI C C n+m be an n-star-shaped Hartogs domain in the first n variables 
(zi ,..., z n ). Our technique for computing the Bergman kernel function works on 
the following two kinds of domains: 

• U a = {(z,z',w) £ C n+m x C : ( f a (z,w),z ') £ Q,\w\ < 1} 
where 


fa(z,w) = ( 


Zl 


(1 - |w| 2 ) 2 1 ’ (1 — M 2 ) 2 " 


and Oj’s are positive numbers. 

• R 7 = {(z,z',w) £ C n+m x C : ( gi {z,w),z') £ 0} 


where 


g 7 (z,w) = 


Tl \ w \ 


= v : 

and 7 j’s are positive numbers. 


2 i,...,e 2 ~ n 


Remark. In our definition, we avoid the cases when all aj’s and 7 j’s equal 0 
since they are not interesting. When a = 0, U° becomes SlxB 1 and Kjjo equals 
the product of the Bergman kernels on LI and the unit disk B 1 . When 7 = 0, 
V° = LI x C. Since A 2 (V°) = {0}, the kernel function K v o is identically zero. 
These results are consistent with Theorems 1 and 2. 

Since and (1 — Iwl 2 )^ 1 are increasing in 111)1 and invariant under the rotation 
map w 1 —t e lS w for 9 £ R, the slice domains of U a and V 1 with 2 and 2 ' coordinates 
fixed are disks in C. This observation yields the following: 
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Lemma 3.1. 7/12 is n-star-shaped Hartogs in the variables ( 21 ,..., z n ), then 27“ 
and V 7 are (n + 1)- star-shaped Hartogs in the variables [z \,..., z n , w). 

By Lemma 2.2, a complete orthogonal system of the form {z a (f> l!Ly \ 3tC [z')w c } can 
be chosen for A 2 (U a ) and A 2 (17 7 ). The next lemma implies that \z a (f SL .\ } {z')w c } 
is a complete orthogonal system for both A 2 (U a ) and A 2 (F 7 ) if {z a (j) a ^[z')} is a 
complete orthogonal system for A 2 (SI). 

Lemma 3.2. The function z a (j>(z') is square-integrable on 12 if and only if for all 
ceM, the function z a <f(z')w c is square-integrable on U a [or V 1 ). 

Proof. Suppose z a <f>(z')w c G A 2 [U a ). Then 

/ |2 a | 2 |^0| 2 h| 2 W(2,^ W ) = ||2>(2 / K||! 2(£/ ») <00. (11) 

J U a 

Substituting tj = Zj( 1 — \w\ 2 )~^~ for 1 < j < n and applying Fubini’s theorem to 
the integral in (fTTl) yield: 

[ \z a \ 2 W)\ 2 \w\ 2c dV{z,z',w) 

Ju a 

= [ \w\ 2c (l - Iw^-^+^dViw) f \t a \ 2 \(t)(z')\ 2 dV{t,z') 

J b 1 J n 

=J bi M 2c a - M 2 r (a+1) ^H||*W)||i 2(n) < 00 . ( 12 ) 

Since f B1 |w| 2c (l — |M)| 2 ) a '^ a+ 1 ^dy(w;) is a constant, \\z a f>(z')\\ 2 L 2 ^ < 00 and z a (f(z') 
is in A 2 (12). By (fl2l) . the converse is also true. A similar argument proves the 
statement for V 1 . We omit the details. □ 

The definitions of 27“ and V 7 also imply that the slices of 27“ and V 1 , with the 
w coordinate fixed, are biholomorphic to 12. For fixed w G B 1 and rj G C, let 27“ 
denote the slice domain {( 2 , z') G C n+m : (z, z', w) G 27“} of 27“ and let Vff denote 
the slice domain {{z,z') G C” +m : ( z,z',rj ) G V 7 } of V 1 . Applying the mappings 
f a (-,w) and gj(-,rj) to 27“ and V " 7 yields: 

Lemma 3.3. 27“ and Vff are biholomorphic to 12. 

Computing the Levi form of 27“ and V 1 yields the following: 

Remark. For a smooth and pseudoconvex 12, both 27“ and V 1 are pseudoconvex. 

As we will see in Sections 5 and 6 , 27“ and V 7 may not be strongly pseudoconvex 
even if 12 is strongly pseudoconvex. 

We denote by Kjja and Kyi the Bergman kernel functions on 27“ and V 1 . We 
denote by Kya and K v y the Bergman kernel functions on 27“ and Vff. We obtain 
Kua and Ky, from Kuo, and K v y by the following procedure as mentioned in the 
introduction: 

Step 1. First we evaluate Kua and K v -i at appropriate points (off the diagonal). 
Step 2. With further modification, we obtain Hermitian symmetric functions on 
27“ and V 7 . 

Step 3. By applying a first order differential operator to the result in Step 2, we 
obtain the Bergman kernel functions on the target domains. 
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The modifying functions h and 1 for Ku% and Kyi in Step 1 are defined as follows: 

Hz, w, V ) = , • • •, , a) 

l(z,w,rj)= (zi e 7 l( ^" |,)| 2 ) ,...,z n e 7 "^- |7?|2) ). (ii) 

The modification in Step 2 only involves multiplication. For simplicity, we let 
operators Djja and Dyi denote the composition of the multiplication operator in 
Step 2 and the differential operator in Step 3 for U a and V 1 . Djjc, and Dyi are 
defined by 


Du- 


Dyi 


(i-N 2 ) al 

7r(l — wfj) 2+al 


n 


(j + a i 

3 =1 



e (7'l)(v'»)-|’)| 2 ) 


7T 




(*) 


(**) 


Here are the main results: 


Theorem 1. Let 17“ and 17“ be defined as above. For (z, z' , w, C, CO if) £ U a x U a , 
let h(z,w,r)) and Djja be as in (i) and (*). Then 

K ua (z,z',w,C,C',fi) = D ua K jjoc (h{z, w, ri), z'\ 0 C') • ( 13 ) 

Theorem 2. Let V 1 and Vff be defined as above. For (z, z', u>; (, (' ,rj) £ V 1 x V 1 , 
let l(z,w,r]) and Dy-t be as in (ii) and (**). Then 

Kyi{z,z',W-C,C,fj ) = DyiKyi (l(z, w, rf), z'\ C, C) . (14) 

Theorems 1 and 2 are proved in a similar way. We illustrate using Theorem 1. 
We first show that the function on the right hand side of (fldl) is defined on U a x U a . 
Then we prove, for the complete orthogonal system {z a C>a.b(zO} of 7l 2 (fl), that the 
function has the following expansion: 

a,b,c 

By showing that (flhll reproduces every element in A 2 (U a ), we conclude that the 
equality in (fl3ll holds and our proof is complete. In the proof, we let T denote the 
gamma function and let ( a)b denote the Pochhammer symbol — 


Proof of Theorem 1. Let Ki(z, z', w, C, C', 77 ) denote 

D U o,K U o,(h(z,w,r]),z'-,f,C). (16) 

We first show Ki is defined on U a x 17“, i.e. (C, CO 6 17“ and (h(z,w,r]), z') £ 17“. 
The definition of 17“ implies that (C, CO £ 17“. To prove (, h{z,w,rj),z') £ 17“, it 
suffices to show (f a (h(z,w,r]),r}), z') £ fi. Note that 


[f a (h{z,w,ri),rj),z'^ = ( 
and for each 0 < j < n. 


(1 — wfj) ai 


■Z 


(i-H 2 )^ 

(1 — wfj) an 


(i-N 2 )^ . 

(1 — Wfj) a i J 


< 


(1 - M 2 )- 
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By the fact that 12 is n-star-shaped Hartogs in the first n variables, the containment 
(f a {z,w),z') G 12 implies (f a (h(z,w,y),r/),z') G 12. Therefore (C, CO G and K\ 
is defined on U a x U a . 

To show ATi satisfies urn we consider the biholomorphic map fai'tV) from {/“ 
to 17: 

fa(z, rf) = ((1 - \v\ 2 )~~^ Z U •••>(! - \v\^Y^ZmZ'). 

By ©, we have: 

Ku*(z,z',W,<iX',n) = (! - \ r l\ 2 )~ a 1 K&. {fa( z i v)i z '\ (!7) 

Therefore 


A'i( 2 , 2 ', in; C, CO ??) = A>iATn(Ai(z, in, rj),z / a (C, 77 ), C'), 


where 


Di = 7t ^l-wiy) (2+ “' 1) (^ + ^ a f( / + ^^‘ 


i=i 


w , ^ /V 1 -M 2 \ ai cv 1 - 

A 1 {z,w tV )=[z 1 [ x _ w _ ) i w _ j J- 

Applying 03 to yields 


7^ ! A (~ ... „\ _./. c (/- „\ G/\ _ (^C) a< / , a,b(2 )C , a,b (CO 

A-H (Ai (^, in, 1^), Z ifa\C>V)lC ) / . -\ a . Q ii ai / /\l|2 

(1 - wr]) aa \\z a (/) a , h {z')\\ z L 


l 2 ( n) 


Thus, A'i( 2 , 2 ', in; C, CO r 7 ) can be written as 

X] C a.b, C (^C) a< / , a.b(x')l !) a,b(C , )( w f7) C - 


a.b 


(18) 


We complete the proof by showing that K\ reproduces every element in A 2 (U a ). 
For arbitrary z a <fi li .b(z , )'w c G A 2 ([/“), we consider the integral: 


[ Ki(z, z\ in; C, CO fj)CMCWdV. 

Ju a 

By the definitions of K\ and U a , ra equals 

[ rf [ D ua Kuo, (h(z, in, i?), z'\ C; C')C*<l>&,h(C')dV (C, Q')dV(rf. 
J B 1 JU% 

Using the reproducing property of Ku a on and Corollary 2.1, we have 

[ D ua Ku« ()h(z , in, 77 ), z'\ C, COCVa.b^WC, CO 

• /r A“ 

f 1 — l?7p) Q: ^ 

= (1 + « ■ (a + 1 )) 7 r(1 _^)2 +a .l ^ WM*')- 

Therefore (EOl) becomes 

(^ > , nh f (! - M 2 ) a 'VM*> u ',7?) a jtz/ i 

(1 + O' • (a + l))</>a,b(" ) / _ -_,„^2+a-l- 


(19) 


( 20 ) 


( 21 ) 


7r(l — in77) 2 +“' 1 


(22) 
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Since h(z,w,T)) = ( 2 i(^L) ai ,..., ® equals 


(1 + a ■ (a + 1)) z a 4> a .b(z') 


' (1 - | ?? |2)«'(a+l) 7? c 

jl 7r(l — wfj) 2+a ( a + 1 ) 


dy(?7). 


(23) 


Expanding the denominator in (l23l) yields 


=*%.„ (z’)[ v (1 + a • (a +W g<it , ( ) 
fr'o *3'- 


=z a (j) a ^{z’)w c 


(1 + q • (a + l)) e+ i(l - |^| 2 )q-( a + 1 )| ? 7 | 2c 
7Tc! 


-dV( 77 ). (24) 


By substituting r = |?;| 2 to the last line of (l2dl) . we obtain 


z a (j) a . h (z')w c 


-- 1 (1 + a • (a + 1)) (1 - r )«-(a+i) r c 


-dr 


Jii c l 1 + a ' l a+ I ))c +1 r(l + a-(a + l))r(c + l) 
-z Mz )w - - - r (2 + a . (a+1) + c) 

=z a 4> a , h (z')w c . 

Thus the reproducing property holds, and K\ is the Bergman kernel. 


□ 


Proof of Theorem 2. Let K 2 denote the right hand side of (fl4l) . By the same argu¬ 
ment in the proof of Theorem 1, we can prove that K 2 is defined on V 1 x V 1 and 
can be written as: 

X] C a.b.c(2:C) a ^a,b(2 , )^a.b(C , )(^) C - 

a.b 

We show that K 2 reproduces every element in A 2 (V 7 ). For z a (j) a .y,{z')w c £ A 2 (E 7 ), 
we consider the integral 


K 2 (z,z',w,CX',fj)C a f )a , h (C)v c dV. 


(25) 


ly-y 


By the definitions of K 2 and V 1 , (E5l) equals 

[ rf f D va K v ,(l(z,w,r ] ),z , ;(,C)C^.UC)dV((,C)dV(ri). (26) 

J c Jvf 

By the reproducing property of Kyy and Corollary 2.1, we have 

[ D V aK v y ( l(z , w, 77 ), C, C)CMC)dV( C, CO 

Jvf 

=7T- 1 ( 7 - (a+l))C. a ,b(z')e (7 - (a+1))( ^- |7?|2) z a . (27) 

Substituting (1771) to (EB1) yields 


/* 'v.fa-H iiiin c 

7r_1 (l' ■ (“+l))^bM / g (7 .( a+1)) |J|2 dV{rj). 


(28) 
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Expanding e i-( a + 1 ) w ‘n j n (|28f) . we have 

m =z & Mz') f f; ( 7 ‘ (a + 1 } j J {WVy r, c e-^ +1 ^dV( V ) 

= Z *( f > ah ( z ') w C [ fry ( a+1 )) - ^L e -7-(a+l)h| 2 dy(7? ^ (2 9 ) 

J C TTC! 

Letting t = 7 • (a+ 1 )| 7?| 2 and using polar coordinates, the last line of (l29ll becomes 

poo J.C 

z & ( j ) a . b { z ') w c / — (30) 

Jo c! 

which equals z & (j) a ^,{z')w c . Therefore I \2 is the Bergman kernel on V 1 . □ 

When the “base” domain LI is n-star-shaped Hartogs, we can apply Theorems 
1 and 2 to obtain the kernel functions on the domains U a and V 1 . Lemma 3.1 
therefore enables us to apply Theorem 1 and 2 several times to obtain the Bergman 
kernel on more complicated domains. Moreover, we can obtain the Bergman kernel 
when the w in U a and V 7 is a vector instead of a single variable. We’ll discuss 
these refinements in Section 7. 


4. Examples 

Theorems 1 and 2 enable us to explicitly compute the Bergman kernel in several 
new situations. First we combine Theorem 1 with the inflation method in [J to 
give a new proof of the explicit formula in [ 6 ] . Then we compute the kernel function 
in two new cases. 

Example 4.1. Let the “base” domain LI be the unit ball B n in C n . For p > 0, put 

a = We have 

U a = {(z,w) eC"xC: ||^|| 2p + H 2 < 1}. 

By Theorem 1, the Bergman kernel function Kuo, is equal to: 

n\ {n + p){l — wfj)p + (1 — p){z,() 

K n + l p (1 _ wfj) 2 ~P ((1 — wfj) P — (z, C )) n + 2 

Let [/“' = {{z,w) € C n x C m : ||z|| 2p + ||w || 2 < 1}. Applying the inflation 
method to Kuo, yields the Bergman kernel function on U a '\ 

n! |'9'j m - 1 (n+p)(l - {w,r}))p + (1 - p)(z,C) 

7 T m + n p\dt) (1-( U ;,7 ? }) 2 -§((1-(w;,7 7 ))§ -( Z X )) n+2 

where t = (w, rj). 

Note that if we let the above p tend to 00 , then U a becomes B" x B 1 and the 
Bergman kernel Ku«, equals Kn« ■ K a 1 . 

Example 4.2. Suppose LI = {(z,z') £ C™ x C m : || z || 2 + || 2;'|| 2 < 1 } and a = 
( 1 , • • • , 1 ), then 

U a = {(z,z',w ) e C” x C m x C : |w| < 1 and |M | 2 + ||*'|| 2 + \w\ 2 < 1 + M 2 ||~'l| 2 } 
has the Bergman kernel function: 

_ (to + n)\ (1 - wfj) m {n + 1 - (n + 1 ){z', (') + m 
U n m+n +1 (4 _ w fj _ ^ Q _ ( z ', £') + Wfj(z', £'))™+"+2 


( 31 ) 
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When m = 0, the right hand side of \S1\) becomes 

n + 1 n\ 1 


7 i 7 r n (1 — wr/ — ( z , C)) n+2 ' 

which is the Bergman kernel function on the unit ball B” +1 . 

When n = m = 1, U a becomes 

{(z, z\ w) £ C 3 : M < l,\z\ 2 + \z'\ 2 + \w\ 2 < 1 + MVl 2 }, 
which is mentioned in the abstract. Using ED, we have: 

K a = 2 (1 — wfj)(2 — 2z'Cf + 

U 7T 3 (1 — wfj — zf — z'Cf + Wfjz'C, O 4 

Example 4.3. Letn = {(z,z') 6 C"xC m : ||z|| 2 +||. 2'|| 2 < 1} and 7 = ( 71 ,..., j n ), 
then 

n 

U 7 = {{z,z',w) £C"xC m x C;^e 73H2 |^-| 2 + ||/|| 2 < 1}. 

i =1 

Put p(z,z',w,£,(',fj) = 1 — E ”=1 eljWfiz i<j ~~ ( Z 'X')- Then the Bergman kernel 
function Ky-t equals 


(m + n) !e( 7 ' 1 ) , " r? / 7 -! (to + n + 1 ) lj e7:lWriz jQ 


yj-m+n+1 


0 m+n+1 


+ 


„m+n+2 


(32) 


When 7 = 1 and n = to = 1, U 7 becomes 

{(z,z» eC 3 :e^ 2 \z\ 2 + \z'\ 2 < 1}, (33) 

which is mentioned in the abstract. Using (1321) . we obtain its kernel function: 

2 e wf> {\ - z'C + 2e wi >z() 


Kyi = 


7 T 3 (1 — e wri z( — z'(') 4 


(34) 


In the next section, we will use (1311) and (l32l) to obtain the boundary behavior 
of the Bergman kernel on the domains in Example 4.2 and 4.3. 


5. Further Analysis of Examples 4.2 and 4.3 

In the following two sections, we focus on the boundary behavior of the Bergman 
kernel on U a and U 7 . Our estimates for the kernel functions are on the diagonal. 
In this section, we use the explicit formulas of Kjjo. and Kyi from Example 4.2 
and 4.3 and some admissible approach regions to analyze their boundary behavior. 
In the next section, we discuss more general cases without using explicit formulas. 

The boundary behavior of the Bergman kernel in the strongly pseudoconvex case 
is well understood. C. Fefferman [7] , L. Boutet de Monvel and J. Sjostrand g] gave 
an asymptotic expansion of the kernel function when the domain is bounded and 
strongly pseudoconvex. In the weakly pseudoconvex case, the boundary behavior 
is difficult to analyze. Near a weakly pseudoconvex point of finite type, certain 
estimates on the Bergman kernel were obtained by McNeal [ljllCH] . Less is known 
near non-smooth boundary points. 
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The simplest non-smooth case is the polydisk. Let 17 be the polydisk B 1 x B 1 in 
C 2 . Since the kernel function on a product domain is equal to the product of the 
kernel function on each factor, we have 

Q (24, ^ 2 ; Cl; C2) / \ 9 7i to ’ 

Tdl-ziCi ) 2 tt (1 -^2^2 ) 2 

If we approach the boundary point p = (wi,w 2 ) along the diagonal, then the 
boundary behavior of Kq depends on wi and W 2 ' 

(1) If |iai| = 1 and I 1 U 2 I 7 ^ 1, then in f7 

lim Kq(z] z){\ - \zi\ 2 ) 2 = 1 -T 2 T 2 ^ °' 

7T Z (1 — \W2\ ) 

(2) If |u>i| 7 ^ 1 and |u> 2 | = 1, then in Q 


lim K q (z;z)( 1 - \z 2 \ ) = 


1 


z—>p 


7T 2 (1 - |^l| 2 ) : 


7 ^ 0 . 


(3) If |w;i| = \w 2 1 = 1, then in 17 

lim Ka(z-, z){ 1 - |^i| 2 ) 2 (1 - \z 2 \ 2 ) 2 = \ £ 0. 

z-S-p 7T- 2 


In the 3rd case, bfl is not smooth at the boundary points and the behavior of the 
Bergman kernel depends on the rate at which \zi\ and \z 2 \ tend to 1. We will see 
similar phenomena when we analyze the boundary behavior of K\ja . 


Example 4.2 revisited. The boundary of U a is not smooth. bU a at a point 
(0,z',w) where Hz'H = |u>| = 1. We let £4 denote the set of these non-smooth 
points. By calculating the Levi form of U a on the smooth boundary points, one 
obtains that ( z,z',w ) is strongly pseudoconvex if both ||z'|| and |to| are not equal 
to 1. We let denote the set of these strongly pseudoconvex boundary points. 
We denote by S 2 the set 

{(0,z , ,w)ebU a :\\z'\\ = l,\w\^l} 
and denote by S 3 the set 

{(0, z\ w) £ bU a : \\z'\\ ^ 1, |u>| = 1}. 


Then bU a = Si U S 2 U S 3 U S 4 . The boundary behavior of the kernel function near 
the strongly pseudoconvex points in Si is known. To obtain the result near the 
points in the other sets, we need an admissible approach region. For 0 < s < 1, let 
W s denote the set 

{( 2 , z',w) G C n x C m x C : M < 1 , ||z|| 2s + ||z'|| 2 + M 2 < 1 + M VII 2 }- 


These sets exhaust U a when s tends to 1. Moreover, S 2 , S 3 and S 4 are contained in 
bW s . We will choose W s as the admissible approach region. Let r(z,z',w) denote 
the function: 


Then U a can also be expressed as the set 

{( 2 , z’, w) g C n x C m x C : |w| < 1, —r(z, z', w) < 0}. 


Note that the function 



(1 - M 2 ) 
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is bounded in W s - For p = (0, z' 0 , wo) £ S 2 U S 3 U S 4 , when approaching p in W s , 


INI 2 

(i-H 2 ) 


-»• 0 . 


(35) 


Therefore r(z,z',w ) is continuous in the closure of W s . Combining (l35l) and (13T1) . 
we obtain the following results on boundary behavior: 

(1) For p 0 = (0, z' 0 , wo) £ S 2 , the admissible limit 


hm K ua {p-p)r n+m+1 {p) 
W s >-po 


(to + n)!(n + 1 ) 

^m+n+\(l _ | Wo |2)n+2 W 


(2) For p 0 = (0,Zq,w o ) £ S 3 , the admissible limit 


lim K[/a (p; p)(l — \w\ 2 ) n+2 = 

W a Bp^p o 


(to + + 1) 

^m+n+lyn+m+l 


7^0. 


(3) For po = (0, Zq,wq ) £ S 4 , the admissible limit 


lim K ua (p;p)r n+m+1 (p)(l- 

W 3 9p->-p 0 


| 2 ) n + 2 = 


(to + n)!(n + 1 ) 


r m+n+1 


7 ^ 0 . 


Example 4.3 revisited. Calculating the Levi form shows that V 7 is a pseudocon- 
vex domain. For any wq £ C and z' 0 £ C m on the unit sphere, (0, Zq, wq) is a weakly 
pseudoconvex point on bV 1 . With (l32l) . we can obtain the boundary behavior of 
the Bergman kernel function in an admissible approach region of (0, z' 0 , wo). 

Let 0 < Sj < 1 for 1 < j < n. Let W s denote the domain 


n 

{(z,z',w) 6 C"xC m xC :J2 eljH2 \zj\ 2si + Ill'll 2 < !}■ (36) 

j=i 

For each s, 144 is contained in V 7 and it exhausts V 7 as each Sj approaches 1. 
Moreover, bW s intersects bV 7 at those weakly pseudoconvex points on bV 1 . Let p 
denote the defining function of V 1 : 


p(z,z',w) = l-eH 2 ||z|| 2 - l^'ll 2 . 

When approaching po = (0, z' 0 , wq) in the approach region W s , the admissible limit 


YT j=1 e^ 2 \zi\^ 

lim 

Ws 3p—>po 


1 -Ill'll 2 


Therefore, 


hm 

W,3p —>po 




= 0 . 


= 0 . 


(37) 


( 38 ) 


Applying ([38]) to ([32]) . we have in W s : 

(rn ji 'j |p^|^0 | \ ry ■ 

lim K v , (p; p)p m+n+1 (p) = 1- ' m+n+ i 3 7^ 0. 
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6. General Results for Boundary Behavior 


In section 5, we use the explicit formula of the Bergman kernel to study its 
boundary behavior at weakly pseudoconvex boundary points. In general, we do 
not require an explicit formula for the kernel function on the “base” domain. If 
enough information on the boundary behavior of the kernel function of the “base” 
domain is known, we can obtain the boundary behavior of the Bergman kernel on 
the “target” domain. Here we’ll discuss the boundary behavior for U a and V 7 
when the “base” domain Q is smooth and strongly pseudoconvex. We hope in the 
future to extend the estimates in [T3l[T4] to this setting. 

From now on, we let our “base” domain f l C (C n+m be smooth, bounded, and 
n-star-shaped Hartogs with defining function 

r(M 2 ,...,K|V,^eC~(H). 


Let Tj denote the partial derivative of r in the j’s component. We assume r is 
non-decreasing in the first n components, i.e. Tj > 0 for 1 < j < n. Recall that U a 
denotes the set 


{(v»eC " +m+1 : M < l,r( 


zi 


(l-H 2 ) 01 ’"’’ (i-M 2 )“’ 


- ;z',z ') < 0 j; 


and V 7 denotes the set 

{(*,*» G C n+m+1 :r^^ 2 \z 1 \^...,e^ 2 \z n \ 2 -,z , ,z'") < o}. 

To simplify the notation, we let Kq(z, z') = Kq(z , z'; z, z') and let 


ru«{z,z',w) = r(- 


*1 




.(1 — Iml 2 )" 1 ’ " ’ ’ (1 — |u;| 2 ) a 
r v , (z, z\ w) = r 1 ^| 2 ,..., |^| 2 ; z! , z’) . 


We let V. denote the partial gradient (gfj-, • •., -g^r)- 

We start with U a . The boundary behavior of the Bergman kernel on U a is more 
complicated than on V a for two reasons: 

(1) The possible non-smooth boundary points created by the two inequalities 
of U a . 

(2) The singularity of r\j* at points where |u>| = 1. 

The precise behavior at a boundary point depends on the geometry of bU a there. 
We therefore stratify the boundary of U a into four parts: 


51 = {(z,z’,w) G bU a : V z (r ua ) ^ 0 and \w\ ^ 1}, 

5 2 = {{ z , z' , w) G bU a : V 2 (rc/“) = 0 and |w| ^ 1}, 

5 3 = {(z, z ', w) G bU a : z = 0, |w| = 1 and (0, z ') £ bQ,}, 

5 4 = {(z, z 1 , w) G bU a : z = 0, |ui| — 1 and (0, z') G bQ,}. 


By the boundedness of fl, we have 

{(z, z', w) G bU a : z ^ 0, |w| = 1} = 0. 


Therefore bU a = Si U S 2 U S 3 U S 4 . The points on Si are strongly pseudoconvex 
and the boundary behaviors of the Bergman kernel near the boundary points of S 2 , 
S 3 and S 4 can be obtained by a suitable choice of approach regions. 
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Let x = (|zi| 2 , ■ ■ ■, | Zn | 2 )■ Since fl is n-star-shaped Hartogs, we can let Ln denote 
the function such that 

Ln(x; z', z') = Kq(z, z'). 

We recall the result of C. Fefferman [7] for bounded strongly pseudoconvex domain 
fl. There exist dt, $ £ C°°(£i), such that 

L n (x; z', z') = ^n+m+i^.L^ + 5 ') 1 °g(- r ( ;c ; *'> «)• ( 39 ) 

Applying (l39l) and Theorem 1, we obtain the following result on the “target” domain 
U a . 


Theorem 3. Let fl and U a be as above. Suppose fl is strongly pseudoconvex. Then 
U a is pseudoconvex. The point p £ bU a is a strongly pseudoconvex point if p £ Si. 
Near the points of S 2 , S 3 and S 4 , the kernel function behaves in three different 
ways: 

(1) For (zo,Zq,wq) £ <$ 2 , there exists an admissible approach region W 2 of 
( zo,Zq,wq ) such that when approaching (zo,z' 0 ,wo) in W 2 , 

Ku. (z, z', w)(-r ua r+" +1 (z,z\ w ) (40) 

has a nonzero limit. 

(2) For (zo,z' 0 ,wo) £ £ 3 , there exists an admissible approach region W 3 of 
(z 0 ,z' 0 ,wo) such that when approaching (zq,z' 0 ,wo) in W 3 , 

K ua (z,z',w)( l-M 2 ) 2 ^' 1 (41) 

has a nonzero limit. 

(3) For (zo,Zq,wo) £ £ 4 , there exists an admissible approach region W 4 of 
(zo,Zq,Wo) such that when approaching ( zq,z' 0 ,wo ) in W 4 , 

Ku^z,z',w){ 1 - \w\ 2 ) 2 +a - 1 (-r U o.r+ n + 1 (z,z',w) (42) 

has a nonzero limit. 


Proof. Let X = (X \,..., X n ) denote the vector 

( l-i I 2 W? \ 

V (1 — |rc| 2 ) Ql ’"' ’ (1 — |w| 2 ) an / ' 

Since the range of X on U a is the same as the range of a; on fl, we can replace x 
in (l39l) by X and have 


Ln{X-,z', z') = ^ + HX-z', z') log (-r(X;z', z')) (43) 

with ^(A; z', z'), 4>(A; z', z') £ C°°(U a ). Using change of variables formula yields 
L u (X-z',z / ) = (l-\w\ 2 r 1 K us (z,z / ). 

Then Theorem 1 implies that 


K ua (z,z',w) 


( c a I + D) 


Ln(X;z',z') 

7r(l — |w| 2 ) 2+ “' 1 


(44) 


where c a = (1 + £” =1 <u) and D = £"=1 atjZj J-. 

Note that r(A; z', z') is equal to ( 2 , z ', w). Multiplying both sides of (l44l) by 
(1 — |u>| 2 ) 2+a ' 1 (—r U o,) m+n+1 (z, z',w), (TUil) becomes 


n~ 1 (-r) n+m+1 (X; z', z’)(c a I + D)L n (X ; z', z'). ( 45 ) 
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We set I\ + I 2 equals (l45l) where 

h = -K-\-r) n+m+ \X-z',z')c a Ls l {X-z',z'), 
h = 7 T~\-r) n+m+ 1 (X- z', z’)D(L n (X ; s', 5')). 

Applying C3l) to Ii, we have 

7 Th{X-z',z') = c a (* + (—r) n+m+1 $ log(—r)). (46) 

Applying the product rule to I 2 , we have 

nI 2 (X-z',z') =D({-r) n+m+ 1 L n ) - L n D{-r) n+m+1 . 

We set Ji = -D((—r) n+m+ 1 Ln) and J 2 = Lo,D(—r) n+rn+1 , then 7 r/ 2 = Ji — J 2 - 
Substituting (1151) to Ji and J 2 yields 

Ji(X; z', z’) =L>'F + (~r ) n+m+1 log (~r)Dt 

+ (l + (n + m + 1) log(—r)) (— r) n+m D(—r). (47) 

and 

J 2 (A; s', z') = (n + m+ 1 ){{-r ) n+m+1 L n ) 

= (n + to + 1) (’F + $(-r) n+m+1 log(-r)) . (48) 

Let p = (zo,Zq,wo) be a boundary point U a . When |wo| =£ 1, we let X 0 denote the 
corresponding vector X at point p. 

Case 1 ). For (s 0 , z' 0 , w 0 ) £ S 2 , we have V z ru a (p) = 0, (X 0 , z' 0 ) £ dfl, and |wo| 7 ^ 1- 
Then a nonzero limit of (|42l) exists is equivalent to a nonzero limit of (1401) exists. 
Since |wo| ^ 1, X is smooth near p. Thus r(X; z', z') is smooth in a neighborhood 
of p and has limit r(A 0 ; z' Q , z' 0 ) = 0. Since (—r) log(—r) also has limit equals zero 
at point p, the limit of I± and J\ exist. To achieve the limit existence of J 2 at p, 
we need an admissible approach region in which the limit of ^ equals zero. Let 
Tj{X ; z', s') be the partial derivative of r in the jth component. For 0 < q < 1, we 
consider the following approach region 

n 

W 2 = {(s,*» eU a :J2 (| Zj\ a r j (X;z',z')) 9 < -r(X; z', z')J. 

7=1 


We show W 2 is not empty. Since X z ru a (jP) = 0, we have 

-r,(X;z',z') = 0, 




for all j at p. Thus (\ z j\ 2 r j(X; z', z')) = 0 when approaching p along the 

normal direction of bU a . This observation implies that W 2 is not empty and p G 
bW 2 . By perhaps shrink W 2 , we may consider W 2 as a connected set. Note that 

D{-r){X-z',z') _ ~ E?= 1 aj r 5 (X; s', s') 


—r(X;z',z') 


-r(X-z',z') 
cE"=iN \{X-,z',z') 


-~r{X;z',z') 


< 


(49) 
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for some constant c > 0. In W 2 , 

-r(X-z',z') < 

When approaching boundary point p inside W 2 , we have 

E"=i \zj\ 2 rj(X;z',z') 


< 


< 


-r(X;z',z') 

ELi (kil 2 » , i(- x ';« , »* / )) 1 , E"=i (\ z i 


| \{X-z',z')) q 


-r{X-z',z') 


E 

k=1 


(I Zj\ 2 rj{X;z',z')) 


i-g 


0 . 


(50) 


Hence J\ and J 2 in (1T71) and (1151) have admissible limit zero at point p. By the 
strong pseudo convexity of Cl, (1461) has nonzero limit. Therefore in W 2 , the limit of 
(l40l) at point p exists and is not equal to zero. 

Case 2). For (z 0 , wo) £ S 3 , we have 20 = 0, (0, z' 0 ) ^ dCl, and |wo| = 1- We 
consider the region 

1, 12 


W* = 


| (z, z', w) £ U a : 


< 1, V 1 < j < n| 


(1 — \w\ 2 ) p i 

where pj > aj for all j. Similar reasoning as above implies that W 3 is nonempty 
and connected. When we approaching the bounadary point p in W 3 , 


N 2 (i- M 2 ) w ' 


< (1 - \w\ 2 ) Pr 


0 . 


(1 — \w\ 2 ) a i (1 — \w\ 2 ) p i 

Thus X , D'k{X\z',z'), Z?$(X; z',z') and D(—r(X;z',z')) all tends to zero at p. 
Since (0, z' 0 ) ^ dfl, the function —r(X, z', z 1 ) has a positive limit at point p. Plug¬ 
ging these results into (ld7l) and (l48l) . we have both J\ and J 2 tend to zero. The 
limit of (l46l) is positive since I\ = c a Ln and Lq is positive at (0,z' Q ,z' 0 ). Therefore 
when approaching p in W3, (142)) and ru a has a nonzero limit. Hence the limit of 
m is also not zero. 

Case 3). When (zo,z' 0 ,wo) £ S4, we have zq = 0, (0 ,z' Q ) £ dCl, and |u;o| = 1. 
Consider the approach region W4 = W-j f) W 3 . Since both W2 and IV3 contains the 
set Z{z \,..., z n j P| U a and p £ Z{z \,..., z n j P U a , we can approach p inside W4. 
By our previous results, when we tend to p in W4, X, D^{X-,z', z'), Z?$(X; z', z'), 
D(—r(X; z', z% r(X, z', z% r{X, z', z') log(-r(X, z!, z')) and all tends 

to zero. Hence the limit of J\ and J 2 equals zero and the limit of I\ is equal to a 
nonzero constant, and (1421) has a nonzero admissible limit in W4. 

Case 4). For the boundary points in <Si, the strong pseudoconvexity can be ob¬ 
tained by calculating the Levi form. □ 


Compared to U a , the boundary behavior of the kernel funcion V 7 is simpler. 
The argument is similar to the proof of Theorem 3. We state the result without 
proof. 

Theorem 4. Let H and V 7 be as above. Suppose Cl is bounded and strongly pseu- 
doconvex. Then V 1 is pseudoconvex. The point p = (zo,z' 0 ,wo) £ bV 7 is a weakly 
pseudoconvex point if X z (rv-y)(p) = 0. Moreover, for weakly pseudoconvex point p, 
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we can find an admissible approach region W, such that when approaching p inside 


W: 


n+ra+1 


K VJ (z,z',w)(-r v 7 ) 



tends to a nonzero constant. 

Remark. In both Theorems 3 and f above, we assumed the existence of z' com¬ 
ponents. Because of our assumption, The points in S 2 , S 3 of Theorem 3 and the 
weakly pseudoconvex boundary points in bV 7 of Theorem f are of infinite type in 
the sense of D’Angelo. If there is no z', i.e. m = 0 in the definition offl, then the 
boundary geometry of the target domains is different. In this case, V 7 becomes a 
strongly pseudoconvex domain. The boundary geometry of U a , on the other hand, 
depends on the value of a. One can see this immediately from Example f.l. 


7 . Higher Dimensional Analogues 

In Theorems 1 and 2, we apply a first order differential operator to the Bergman 
kernel function on the “base” domain to obtain the kernel function on certain 
domains in one higher dimension. By Lemma 3.1, the “target” domains U a and 
V 7 are also (n + l)-star-shaped Hartogs. Therefore we can repeat using Theorems 
1 and 2 to obtain the Bergman kernel on more complicated domains. 

Example 7.1 (Repeated use of Theorems 1 and 2). The diagram below indicates 
how to obtain the kernel function explicitly on increasingly complicated domains. 


{zeC: \z \ 2 < 1} 

{ze c 2 : M 2p + M 2 < 1} 

{z€C 3 : |zi| 2p + exp{|z 3 | 2 }|z 2 | 2 < 1} 

H- 

{z £ C 4 : |zi| 2pi + exp{ (i ^.^ IM 2 < 1, |z 4 | < l} 
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The Bergman kernels in the first two cases are known. The kernel in the third case 
is equal to 

e Z3 ^ 3 / (1 + p)(l - e Z 3 ^ 3 z 2 C 2 )* + (1 -p)zi(i 

n 3 p V(1 - e Z 3 < 3 z 2 ( 2 ) 2 -r((l - e z ^z 2 ( 2 )p - Z 1 C 1) 3 

(p - l)e Z 3 i ~ 3 z 2 ( 2 ((2 + i)(l - e Z 3 C ~ 3 z 2 ( 2 )p + (2 - ±)ziCi) 

(1 - e Z3 ( 3 z 2 ( 2 ) 3 ~p ((1 — e Z3 ^ 3 z 2 ( 2 )p — -ZiCi) 3 
2 e Z3 ^ 3 z 2 ( 2 ((2 + 1)(1 - e Z3 ^ 3 z 2 ( 2 )p + (2 - f )^Ci) \ 

(1 - e Z 3 ^>z 2 ( 2 ) 3 ~p ((1 - e Z 3 ^ 3 z 2 ( 2 )p - -SiCi) 4 / 

For the domains below the third case, the kernel functions are more complicated 
and we will omit them here. 


We can generalize Theorems 1 and 2 when our “target” domains involves w £ C k 
instead of a single variable. Let f l C C” +m be 71 -star-shaped Hartogs in the first n 
variables. Consider the “target” domains: 

• U a = {{z, z', w ) £ C n+m x C fc : (f a (z, w ), z') £ Q, ||u;|| 2 < 1} 
where 


f a {z,w) = ( 


Zl 


( 1 -|MI 2 ) 




(1-lkll 2 )- 


and aj’s are positive numbers. 

• V^ = {( 0 , z', w ) £ C n+m x C k : ( 5 7 (z, w),z') £ 12} 
where 

. 3 ^imi 2 

Zi,... ,e 3 z n 


9 j( z ,w) = (e 


and 7 j’s are positive numbers. 

Since we can construct a diagram from 12 to V 7 in Example 7.1, the kernel function 
Kyi can be obtained directly by repeatly applying Theorem 2: 


Theorem 5. For (z,z',w;£,£',r)) £ V 1 x V 1 , 

K V i (z, z', w; C, CO fj ) = D vl K v i ( l{z , w, 77 ), 2 '; C, CO 

where 


(51) 


Z(z,iy,J7) = 


2 ) 


5 • • • j 


P 7n((wi;>-Ikll 2 ) 


and Dy-y is the k-th order differential operator defined by 

p h-l)((w, V )-\\ri\\ 2 ) ™ 


Dyy = 




+ ^ 


c> . \ k 


1=1 


BZ , 


The trick used in Example 7.1 does not work for U a . Nevertheless, we have the 
following result: 

Theorem 6 . For (z, z', w; C, CO v) £ U a x U a , 

K Ua (z,z',w,CX',rj) = D U o,K U o,(h(z,w,ri),z'-,(,C) 


h(z, w, 


ri ) = (zi( 


1 - 


1 - (w, rf) 


) ai , ■ ■ -,z n ( 


1-IMI 2 

1 - (w,p) 



where 


( 52 ) 
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and Djjoc is the k-th order differential operator defined by 

I 2\a-l k 


D ua = 


(i-IHIT' 1 


7T fe (l — ( w,r])) k+1+a 


tII (j I +J2 ai ( I+ 


zi 


j=i 


;=i 


dzi 


Proof. Let Ki(z,z',fj) denote the right-hand side of (15^1) . By the same 
argument in the proof of Theorem 1, K\(z, z ', w; fj) is defined on U a x U a and 

has the expansion: 

Y C a,b,c(^C) a ^a,b(2 , )^a,b(C , )( wf ?) C - 

a,b,c 

For arbitrary z a (f a , h (z'}w c e A 2 (U a ), 

f Ki (z, z\ w\ C, C, ^C^.hiCWdV 
Ju a 

= f rf I D ua K u Jh(z,w,i 1 ),z , -CX')C^.UC)dV(C,C)dV( V ). (53) 

Ja k Ju% 

Using the reproducing property of Kjja on /7“, we have 

[ D V ~K US (, h(z , w, v ), z C; C)CMC)dV((, C') 


= ( n (j + a • (a + 1 ))) rj) a ^ h (z'). 


(54) 


Therefore the integral in the last line of (T5B1) becomes 

(n^M.u,))^, I (») 

Since h{z,w,rj) = (*i( ) ai , • ■ •, z n { IZ^fri ) )“") > ® e d uals 

nJ=lO' + «-(a+l))«Va,b(/) f (1 - ||r ? ||2)a-(a+ 1 ) ?? c ^ ^ 

{1 - (lO,Tl)) 1 + k + a <*+ 1 ) (7?) ‘ ( } 


/B fc 


Expanding the denominator in (1561) . we have 

(1 + a • (a+ 1 )) ( . 1)+fc (l - ll^ll 2 )“ ( a+ 1 ) {uifi) p 
/b* 


= z a < j > aL , b ( z ') / Y 


= z a ( j ) a , b { z ') w c 


^n;=ife)! 

(1 + a • (a + 1 )) (c . 1)+fc (l - ||??|| 2 )“' (a+ 1 ) r/ c ^ c 


rfdV 


m k 


* k Y\U fe) ! 


dV. (57) 


By letting rj = \rij\ 2 , we have 


Ai 

/ (1 - |M| 2 )“' (a+1) M 2t W = ir k [ (1 - V r i ) a ' (a+1 V‘W, (58) 

7b* 7b* 


where B+ = {(n,..., r fc ) e : )T ^ =1 < 1}. We claim 


fc u^y- 


(i-Y r o) a<a+1)rCdV = 


/b + 3=1 


(l + a • (a + 1 )) (c . 1)+fc 


(59) 
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Assuming the claim, then ([Mil equals z a (/) a ,b(z')w c which completes the proof. 
To prove (|59p . we do induction on k. When k = 1, we have 


(1 - r) a ' (a+1) rW = 


r(l + Q-(a+l))r(c+l) 

T (2 + c + a- (a+1)) ’ 


and (1M1) holds. Suppose (1M1) holds when k < N. For k = N, 


N 

/ (i-E^) Q ' (a+1)rW 


= / r N 

Jo 


>w r 


N N—l 

(i-E^r (a+1) 

3 =1 


I dri .. .drjv-idr 

j =i 


AI5 


(60) 


where W rN = {(rq,..., rjv-i) £ R+ 1 : r j < 1 — Tat}. By substituting 

tj = tzE for 1 < j < jV — 1 to the integral in the second line of (1601) , we obtain 


Uo rjV ° W(1 “ riV )“' (a+1)+EjN=ll(C3+1)dr ' iV ) 

N — 1 N -1 

Jl - E i i)“' (a+1) II tfdh ■ ■ -dtjv-i)- 


(61) 


j=i j=i 

Using the definition of the beta function and the induction hypothesis yields 

■\7V—1 / 


(ED = 


r(cAr + l)r(a • (a + 1) + y~b_i {cj + 1) + l) 
r(a • (a + 1 ) + J 2 jLi ( c 3 + 1) + l) 


nfEfe)! 


(l + a ■ (a + 1)) 


Ef^te+i) 

T N 


niife)! 


(a • (a + 1) +J2j= i c o + Ecw+il 1 + ol ■ (a+ 1)) 

nf=ife)! 


EfE/fe+i) 


(l + a ■ (a + 1)) C . 1+JV 
Therefore (l59l) holds for all k. 


□ 
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